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The mechanisms involved for compaction of pharmaceutical powders have become a crucial step in the
development cycle for robust tablet design with required properties. Compressibility of pharmaceutical
materials is measured by a force–displacement relationship which is commonly analysed using a well
known method, the Heckel model. This model requires the true density and compacted powder mass
value to determine the powder mean yield pressure. In this paper, we present a technique for shape
modelling of pharmaceutical tablets based on the use of partial differential equations (PDEs). This work
also presents an extended formulation of the PDE method to a higher dimensional space by increasing
DE method
arametric surfaces
xisymmetric deformation
ompression and compaction
eckel model

the number of parameters responsible for describing the surface in order to generate a solid tablet.
Furthermore, the volume and the surface area of the parametric cylindrical tablet have been estimated
numerically. Finally, the solution of the axisymmetric boundary value problem for a finite cylinder subject
to a uniform axial load has been utilised in order to model the displacement components of a compressed
PDE-based representation of a tablet. The Heckel plot obtained from the developed model shows that

edict
tely.
the model is capable of pr
experimental data accura

. Introduction

Tablets are the most popular dosage form for drug delivery in the
harmaceutical industry, occupying two thirds of the global market
Wu and Seville, 2009). This type of dosage form is convenient to
se by patients, have long term storage stability and have good
olerance to changes in temperature and humidity. Additionally,
hey can be designed to protect unstable medications or disguise
npalatable ingredients. Tablets have been made in virtually any
hape; most of them are round, oval or capsule shaped. The quality
f the tablet is described by several parameters such as hardness,
ccurate mass, content uniformity and height (Belic et al., 2009).

Pharmaceutical tablets comprise a mixture of powder form
omponents where all of them contribute to the final properties
f the product. The tabletting process can be divided into three

tages (Wu et al., 2008). First, the powder is filled into the die
avity. Secondly, a compaction process takes place which involves
ompression and decompression of the powder bed. Finally, the
ompacted powder is ejected from the die in the form of a tablet
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ing the compaction behaviour of pharmaceutical materials since it fits the
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after the required height is obtained. The tablets have to be strong
enough to sustain any possible load after the compaction process
such as film coating, packing and handling (Wu et al., 2005). It is
agreed by Coube et al. (2005) that the properties of the tablet such
as mechanical strength or disintegration depend significantly upon
the powder behaviour during all three stages of the process. There-
fore, it is very important to understand the mechanical behaviour
of the powder during each stage for successful formulation pro-
cessing.

In order to produce quality tablets, many studies have been car-
ried out to investigate the compaction properties (compressibility
and compactibility) of different types of excipients such as micro-
crystalline cellulose (Zhang et al., 2003; Hassanpour and Ghadiri,
2004) and lactose (Zhang et al., 2003; Hassanpour and Ghadiri,
2004; Ilić et al., 2009). Compressibility refers to the ability of the
powder to change in volume when subjected to pressure (Ilić et al.,
2009) whereas compactibility is the ability of powders to convert
from small particles into coherent solid dosage form (Yap et al.,
2008). The Heckel (Zhang et al., 2003; Hassanpour and Ghadiri,
2004; Ilić et al., 2009), Kawakita (Zhang et al., 2003) and modi-
fied Walker (Ilić et al., 2009) models are widely used approaches in

studying the compressibility of pharmaceutical powders.

In this work, the practical and theoretical results of a com-
pressed powder are analysed using the Heckel model. This model
is developed by assuming that powder compression follows a first-
order chemical reaction, where the pores are the reactant (Zhang

dx.doi.org/10.1016/j.ijpharm.2010.12.006
http://www.sciencedirect.com/science/journal/03785173
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t al., 2003) and based on the force–displacement data which is con-
erted to a relative density–pressure relationship (Heckel, 1961):

n
(

1
1 − �rel

)
= PK + A, (1)

here �rel is the relative density, P is the pressure, and K and A are
onstants. The relative density is the bulk density proportional to
he true density

rel = �bulk

�true
, (2)

nd 1 − �rel represents the porosity. The slope, K and y-intercept,
of a linear graph are obtained when plotting the value of

n(1/(1 − �rel)) against the applied axial pressure, P. The constant
gives the value of the plasticity of a compressed powder while A

s associated with the particle rearrangement before deformation
Zhang et al., 2003). The reciprocal of K is a measure of the yield
ressure, Py of the particles that gives the value of the hardness of
owders (Hassanpour and Ghadiri, 2004). Low values of Py usually

ndicate harder tablets (Nokhodchi, 2005).
The Heckel model is suitable for materials that strengthen by

lastic deformation (Yap et al., 2008) and works reasonably well for
etal powders (Hassanpour and Ghadiri, 2004). Plastic deforma-

ion refers to the reduction in bulk volume of the powder bed when
he applied external load has been removed from the bed (Owolabi
t al., 2010). However, it has been reported that the Heckel analysis
lso has some drawbacks. The Heckel’s parameter is very sensitive
o small errors associated with experimental conditions (maxi-

um pressure, punch displacements measurements and weight
f the compact) and variations in the true density measurement
Hassanpour and Ghadiri, 2004; Ilić et al., 2009). Furthermore, the
eckel plot can be influenced by the particle size (Hassanpour and
hadiri, 2004), the die size, the degree of lubrication and the overall

ime of compression (Sovány et al., 2009). Therefore, the effects of
hese variables should be taken into consideration when designing
ablet formulations. However, the present work does not consider
he last two factors when performing the compression process in
rder to obtain the experimental data. These factors will be taken
nto account in future work.

Compactibility can be estimated by measuring the mechanical
trength of the pharmaceutical compact (Sonnergaard, 2006). The
echanical strength of cylindrical tablets can be characterised by

he measurement of tensile strength (Wu and Seville, 2009). Ten-
ile strength is a measure of the ability of a given material to resist
orces that tend to pull it apart. This can generally be determined
sing the diametrical compression test (also known as Brazilian
isk test), where the tablet is placed between two platens and com-
ressed diametrically until it breaks or crushes. This test has been
pplied to both single component tablets and matrix tablets made
f various components (Wu and Seville, 2009). Many studies have
een carried out to explore the dependence of tensile strength on
he properties of constituent components such as tablets’ porosity,
article size and shape, and effective contact surface area.

The surface area and volume of tablets are two important fea-
ures in characterising pharmaceutical compaction properties. It
as been shown in Elkhider et al. (2007) that the density varia-
ion may affect the compact properties. Additionally, the work in
dolfsson et al. (1999) has proved that the surface area of a tablet

nfluences the bonding mechanism of materials in the tablet. They
ave measured the hardness of a tablet by adjusting the tablet’s
urface area and the average distance between particles in com-

acts of different materials. They found that the adjustment gave
imilar bonding strength values for materials bonding mainly by
eak distance forces.

Recently, the use of computer vision has been applied widely in
edical applications especially in medical image processing (Peiró
harmaceutics 405 (2011) 113–121

et al., 2007), designing drugs (Song et al., 2009), pharmaceutical
tablet formulations (Yu et al., 2009) and simulation on various
tablet processing techniques (Cunningham et al., 2004; Fu et al.,
2006; Siiriä and Yliruusi, 2007). A number of methods have been
proposed to simulate powder compression such as finite element
(FE) (Wu et al., 2008) and discrete element (DE) (Hassanpour and
Ghadiri, 2004) methods. However, it has been reported in Frenning
(2008) that the implementation of the FE method is quite com-
plicated and cannot distribute information on the particle range.
Meanwhile, DE method fails to give an accurate result if the par-
ticle deformation is extensive and it is hard to obtain stresses
within individual particles (Frenning, 2008). Thus, a combined
FE/DE method has been introduced to overcome these problems
(Frenning, 2010). However, we have not found any report in the
literature regarding any work related to geometric modelling of
pharmaceutical tablets either interactively or based on the use of
parametric surface representation. Therefore, the objective of this
paper is to model a solid flat-faced cylindrical pharmaceutical tablet
interactively and to study the displacements on the compressed
parametric-tablet by utilising the analytical solution of the Love’s
stress function subject to an appropriate set of boundary conditions.
We aim to develop a mathematical model for pharmaceutical use in
minimising the cost and time used during the powder compaction
process.

At present, there exists a variety of methods that can be utilised
to generate the geometry of pharmaceutical tablets such as Non-
uniform rational B-Splines (NURBS) (Sánchez et al., 2004), Bézier
surfaces (Shang et al., 2008), B-Spline (Pungotra et al., 2008) and
also a surface representation technique based on the use of par-
tial differential equations (PDEs) known as the PDE method (Ugail
and Wilson, 2005). Among all these methods, the PDE method is
the most suitable method for representing any given shape of a
tablet and its components since it can generate surfaces of complex
geometries from a small amount of parameters. The PDE method
has been introduced in Computer-aided Design (CAD) as a solution
of a particular type of elliptic PDEs to generate smooth parametric
surfaces (Ugail, 2006). The shape of the surfaces generated by this
method is based on a boundary representation and can easily be
modified since it is characterised by data distributed around their
boundaries.

Numerous studies have been carried out to exploit the full
potential of the PDE methodology in visual computing fields, as well
as studies of compatibility between surfaces generated by the PDE
method and spline-based techniques (Monterde and Ugail, 2006).
PDE surfaces offer many advantages over other type of surfaces.
Most of all, they are a natural representation and offer a close repre-
sentation to the real world because they are controlled by physical
laws and can integrate geometric attributes with functional con-
straints for surface modelling, design and analysis. Furthermore,
PDE surfaces can be easily associated with the physical world. For
example, the parameters in the PDE can give a physical mean-
ing such as elasticity and stiffness if they are formulated properly
(Zhang and You, 2004). Moreover, smooth surfaces with high-order
continuity requirements can be defined through PDEs since the for-
mulation is well-conditioned and technically sound. This technique
is also capable of blending surfaces (González Castro et al., 2008)
and offers modelling tools to manipulate the shape of a PDE sur-
face by altering the values of its design parameters (Ugail, 2006).
Thus, a PDE-based model remains continuous when the values of its
design parameters are changed. In the present context, this means
that PDE surfaces can adapt to physical changes of the tablet when

the tablet has been compressed axially or diametrically.

The rest of this paper is organised as follows. Section 2 describes
the mathematical theory associated with the PDE method and
the solution to its standard formulation. It also explains the
methodology used to generate a parametric solid cylindrical tablet.
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ection 3 contains the solution to an axisymmetric boundary value
roblem for a cylinder with assigned stresses previously used
or compressing cylindrical objects together with details on the
xial compression process used to characterise the displacement
ehaviour of pharmaceutical powders and the PDE-based sur-
ace representation tablet. Section 4 presents results for an axially
ompressed PDE-based tablet and finally, Section 5 presents the
onclusions of this work.

. The PDE method

The PDE method was initially introduced into the area of
lend shape generation in CAD by Bloor and Wilson (1989). In
ecent years, PDE-based shapes have broadened their uses in shape
escription especially in graphics and modelling, design analysis
nd optimisation (González Castro et al., 2008).

The PDE method produces a parametric surface based on the
se of elliptic PDEs, defined by two parameters u and v in a finite
egion � ⊂ R2 where 0 ≤ u ≤ 1 and 0 ≤ v ≤ 2�. The general form of
n elliptic PDE over a two-dimensional parametric domain is given
y

∂2

∂u2
+ ˛2 ∂2

∂v2

)2r

�
-

(u, v) = 0, (3)

here �
-

(u, v) is the function defining a surface in 3D space in a
omain � while ˛ is an intrinsic parameter controlling the relative
moothness of the surface in the u direction and r defines the order
f the PDE, and they are restricted to ˛ ≥ 1 and r ≥ 1 (Ugail, 2006).
ote that, Eq. (3) is biharmonic if ˛ and r are set to be 1. The full

hree-dimensional representation of �
-

(u, v) can be written of the
orm

-
(u, v) = (�

- x
(u, v), �

- y
(u, v), �

- z
(u, v)), (4)

here it maps a point in (u, v) in � to a point in 3D space such that
2(�) → E3.

Elliptic PDEs similar to that shown in Eq. (3) can be solved by
sing different methods such as Separation of Variables, Integral
ransform and FE Method. For this work, the approach undertakes
s based on the approximate solution of Eq. (3). The PDE method
enerates a smooth surface patch by solving Eq. (3) subject to a set
f periodic boundary conditions that are imposed at the edge of the
urface. By taking r = 1, Eq. (3) transforms to the general form of a
ourth-order Elliptic PDE and is solved analytically based on a set
f 4 boundary conditions which relate how �

-
(u, v) and its normal

erivatives, ∂�
-

/∂u vary along ∂�

-
(0, v) = P-0(v), (5)

-
(1, v) = P-1(v), (6)

∂�
-

∂u
(0, v) = d-0(v), (7)

∂�
-

∂u
(1, v) = d-1(v). (8)

-0(v) and P-1(v) determine the position at the edges of the surface
atch at u = 0 and u = 1 while d-0(v) and d-1(v) define the values of
he normal derivatives at the respective boundary of the surface.
he derivative conditions play an important role in determining the
verall shape of the surface (Ugail, 2006). They are defined by the
erivative vector along the boundary curves, where the magnitude

nd the direction of the derivative vector are determined by the
ifference between each point on the derivative curve and an asso-
iated point on the boundary curve. The shape of the surface can
e manipulated interactively by changing the size and direction of
he derivative vector.
harmaceutics 405 (2011) 113–121 115

The solution to Eq. (3) is thus found using the separation of
variables method and can be written as

�
-

(u, v) = A-0 +
∞∑

n=1

[A-n(u) cos(nv) + B-n(u) sin(nv)], (9)

where

A-0 =
4∑

m=1
-̨ 0mum−1, (10)

A-n = (a-n1 + a-n3u)e˛nu + (a-n2 + a-n4u)e−˛nu, (11)

B-n = (b-n1 + b-n3u)e˛nu + (b-n2 + b-n4u)e−˛nu. (12)

The term A-0 is a cubic polynomial on the parameter u tracing
the spine of the surface patch that brings out the symmetries of
that patch,

∑∞
n=1 [A-n(u) cos(nv) + B-n(u) sin(nv)] describes the radial

position of the point �
-

(u, v) away from a point at A-0(u), and a-n1, a-n2,
a-n3, a-n4, b-n1, b-n2, b-n3 and b-n4 are vector-valued constants which
values are determined by the imposed boundary conditions at u = 0
and u = 1 (Ugail, 2006). In order to define the different constants in
the solution for a general set of boundary conditions, it is neces-
sary to express the boundary conditions as Fourier series so that
the corresponding coefficients are identified.

Since Eq. (9) gives infinite solutions, hence we need to find the
approximation to this series. This is based on the sum of the first
Fourier modes (typically N = 6) and a remainder function, R-(u, v)
which represents an error term since N is a finite value

�
-

(u, v) ∼= F-(u, v) + R-(u, v), (13)

where

F-(u, v) =
4∑

m=1

a-0mum−1 +
N∑

n=1

[A-n(u) cos(nv) + B-n(u) sin(nv)], (14)

and

R-(u, v) = (r-1(v) + r-3(v)u)eˇu + (r-2(v) + r-4(v)u)e−ˇu, (15)

where ˇ = N(˛ + 1)4 and r-1, r-2, r-3 and r- are obtained by consider-
ing the difference between the original boundary conditions and
the boundary conditions satisfied by Eq. (14). Fig. 1 presents the
effect of the derivative conditions ∂�

-
/∂u on the shape of the sur-

face where all the PDE surfaces have the same boundary conditions
on the function �

-
whereas the boundary conditions on the function

∂�
-

/∂u at u = 0 and u = 1 have been varied. Note that the derivative
boundary conditions are found by comparing two auxiliary inner
curves, with the boundary curves already associated with position
accordingly. The boundary conditions have to be defined appro-
priately in order to create any freeform surface patch using the
PDE method. The adjacent surface patch is created by evaluating
the boundary conditions using the next set of curves. For the adja-
cent patch, one surface or part of it needs to be blended to another
surface as shown in Figs. 2 and 3.

2.1. Modelling a parametric cylindrical pharmaceutical tablet

This section discusses how to use the PDE method for designing
a generic pharmaceutical tablet shape. The geometric model rep-
resenting a flat-faced cylindrical tablet used throughout this work
has been obtained using 10 generating curves to produce a surface
composed of 3 patches, since each surface patch requires 4 curves.

Each curve is comprised by several points from 0 to 2� and the
last point ensures that each curve is closed properly. Each of these
curves represents a circle of a given radius at a particular height.

In order to use the PDE method to design a closed cylinder,
the whole design procedure is split into several steps. First, the
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Fig. 1. Example of PDE surfaces generated by the PDE method. The boundary conditions defined in the form of curves in E3 with different derivative conditions in (a) and
(c). The resulting surface shape for each boundary conditions in (b) and (d).
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Fig. 2. The generating

ase of the cylinder (Patch 1) is generated followed by the body
f that cylinder (Patch 2) and finally the top surface (Patch 3) is
esigned. Each patch share one boundary curve with either one or
wo different PDEs so that position continuity is guaranteed along
he generated surface. As one can see in Fig. 2, the last curve of Patch
is used as the first curve of Patch 2 in order to ensure continuity
etween patches.

After creating all the necessary curves, the resulting surface for
ach patch is generated using the PDE method with the assigned
oundary conditions. Therefore, 3 different PDEs have been solved
sing 5 Fourier modes. The output shape of the generated closed
ylinder with radius 5 mm and height 6 mm is shown in Fig. 3(b)
here all sets of curves in Fig. 3(a) are contained in the resulting

urfaces. Note that the shape of each surface patch can easily be
ontrolled by the shape of their boundary curves. Fig. 3(c) repre-
ents the resulting PDE surface with a restricted domain equivalent
o 0 ≤ u ≤ 1 and (�/2) ≤ v ≤ 2�.

.2. Surface area and volume of a parametric cylindrical tablet

As mentioned in Section 1, the surface area and volume of
harmaceutical tablets play an important role in characterising
ompaction properties. Thus, it is necessary to measure the sur-
ace area and volume of PDE surfaces. The remaining part of this
ection shows formulae used to calculate both area and volume of
arametric surfaces.
Eq. (4) has a vectorial representation of the form

-
(u, v) = �x(u, v)i + �y(u, v)j + �z(u, v)k, (16)

here i, j and k are the Cartesian basis vectors also known as unit
ectors along x-, y- and z-axis respectively while �x, �y and �z rep-

Fig. 3. Geometric model of a cylindrical tablet. Generated curves of a close
s for a closed cylinder.

resent the (x, y, z) coordinates of a given point in the surface. Since
the shape of the generated tablet is a cylinder, there is no differ-
ence between the original boundary conditions of a cylinder and
the boundary condition satisfied by the approximate solution of
the elliptic PDE. Thus, Rx, Ry and Rz are all equal to zero and �x, �y

and �z can be written as

�x = A0x +
N∑

n=1

[Anx cos(nv) + Bnx sin(nv)], (17)

�y = A0y +
N∑

n=1

[Any cos(nv) + Bny sin(nv)], (18)

�z = A0z +
N∑

n=1

[Anz cos(nv) + Bnz sin(nv)]. (19)

The surface area of �
-

(u, v) is determined by

A(S) =
∫ ∫

˝

∣∣∣∣∂�
-

∂u
× ∂�

-
∂v

∣∣∣∣ d�, (20)

and the volume can be found by using

V(E) = 1
3

∫ ∫
�

�
-

(
∂�

-
∂u

× ∂�
-

∂v

)
d�, (21)

where
∂�
-

∂u
= ∂�x

∂u
i + ∂�y

∂u
j + ∂�z

∂u
k (22)

∂�
-

∂v
= ∂�x

∂v
i + ∂�y

∂v
j + ∂�z

∂u
k. (23)

d cylinder in (a). Resulting surface of a closed cylinder in (b) and (c).
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ig. 4. Cuboid mesh generation process. Generated nodes in (a); generating Face1 fa
o xy-plane from bottom layer to sw-layer in (c); generating Face3 faces parallel to

The total surface area and the volume of the generated paramet-
ic cylindrical tablet can be calculated numerically using MATLAB.
he measured surface area and volume of each patch is given in
able 1, as well as the value of total surface area and volume
btained from the standard formulae S = 2�r(r + h) and V = �r2h
espectively where r = 5 mm and h = 6 mm. Notice that the volume
f Patch 3 is different from that of Patch 1. This is because Eq. (21)
atisfies the Divergence Theorem of a closed surface whereby the
nit normal vector n of Patch 1 points downwards and the n of
atch 3 is pointing upwards.

The total values of the tablet’s surface area and volume calcu-
ated using Eqs. (20) and (21) are slightly different from values
btained from the standard formulae for obtaining the surface area
nd volume of a cylinder with height, h and radius, r. This difference
ttributed to the fact that both surface area and volume associated
ith the PDE-based model are obtained by solving the integrals
umerically.

.3. Simple three-dimensional mesh generation using the PDE

ethod

In this section we discuss how to use the PDE method for gener-
ting a cuboid mesh for a cylindrical tablet. This cuboid mesh will

able 1
he surface area and volume of each patch.

Patch Surface area (mm2) Volume (mm3)

1 78.361 0
2 188.340 313.597
3 78.361 156.723

Total 345.062 470.320
Formula 345.575 471.239
rallel to yz-plane from front layer to su-layer in (b); generating Face2 faces parallel
ne from right layer to sv-layer in (d).

represent the inner part of the tablet since the PDE method’s for-
mulation used in Section 2.1 only generates the tablet’s shell. The
mesh generation algorithm is based on a simple mechanical anal-
ogy between a cuboid mesh and the boundary coefficients. Eq. (9)
has been extended to a higher dimensional space by introducing a
new parameter, w

�
-

(u, v, w) = A-0(u) + w

∞∑
n=1

[A-n(u) cos(nv) + B-n(u) sin(nv)], (24)

where 0 ≤ w ≤ 1. As mentioned before, u and v define the para-
metric region while A-0 and

∑∞
n=1[A-n(u) cos(nv) + B-n(u) sin(nv)]

describe the spine and distance of the �
-

(u, v) to the spine of the
surface patch respectively. This new parameter generates points for
the interior of the object, from the spine towards the point �

-
(u, v)

on the surface.
Fig. 4 shows the outline of the cuboid mesh generation process.

The number of nodes and cuboids used to generate the solid object
depend on parameters u, v and w. For example in Fig. 4, parame-
ters are defined as u = [0, 0.333, 0.667, 1], v = [0, 0.25, 0.5, 0.75, 1],
and w = [0, 0.5, 1], hence 60 nodes (su × sv × sw = 4 × 5 × 3) and
24 cuboids (3 × 4 × 2) are used to generate the solid. Parameters su,
sv and sw represent the number of nodes of u, v and w on x-, y- and
z-axis respectively.

All 6 faces of the cuboid are grouped into 3 sets of opposite
faces: Face1 (parallel to yz plane), Face2 (parallel to xy plane) and
Face3 (parallel to zx plane). Each Face1, Face2 and Face3 of a cuboid
is generated by connecting 4 vertices. For a smooth mesh gener-

ation, Face1, Face2 and Face3 of all cuboids are generated layer
by layer starting from Face1’s layers followed by Face2’s layers
and ending at Face3’s layers. The cuboid mesh generation is com-
pleted when all nodes have been connected to its neighbouring
nodes and several cuboids are linked into one polyhedron where
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ig. 5. Solid PDE-based representation of a cylindrical tablet. The complete tablet
n (a). Examples of trimmed representations in (b)–(d).

ts shape is defined by the boundary coefficients of the PDE sur-
ace.

The generated solid cylindrical tablet using the PDE method is
hown in Fig. 5(a). This tablet is produced by defining both param-
ters u and w from 0 to 1 and they are divided into 20 equal parts
espectively while the parameter v is delimited by 0, �/20, �/10, . . .,
�, giving rise to 16,000 cuboids mesh. For many practical designs,
ometimes a portion of the original surface needs to be removed.
hus, Ugail (2006) has proposed a method for trimming surfaces
s solutions to PDEs and proved that the proposed method can be
sed to trim other types of parametric surfaces. Here, we show that
solid PDE-based representation of a tablet also can be trimmed
y determining the new region of parameter space (u, v, w), where
ll the mesh points which do not belong to this region will be dis-
arded. Fig. 5(b)–(d) shows some examples of cylindrical tablets.
he tablet displays in Fig. 5(b) is obtained by choosing the para-

etric region to be 0 ≤ u, w ≤ 1 and (�/2) ≤ v ≤ 2�. The number

f cuboids in the cylindrical tablet in Fig. 5(c) is reduced to 8000
hen the parameter w is set to be from 0.5 to 1. Fig. 5(d) repre-

ents a tablet when the region corresponding to (0.5 ≤ u ≤ 1, � ≤
≤ (3/2)�, 0 ≤ w ≤ 0.3) has been trimmed out.

Fig. 6. Stresses in cylindrical coordinates where �z , �� and �r are the n
harmaceutics 405 (2011) 113–121

3. Axisymmetric stresses in a solid cylindrical object

A large number of practical problems involve geometrical fea-
tures which have a natural axis of symmetry, such as a solid
cylinder. For instance, the problem of equilibrium on an elas-
tic cylinder of finite length subject to a surface load is one of
the most discussed problems in the theory of elasticity (Sburlati,
2009). The use of a Love’s stress function reduces the three-
dimensional axisymmetric elastic problem into two-dimensional
one.

Let us consider a circular, finite, homogeneous and isotropic
elastic cylindrical object of thickness h and radius c, with the origin
at the centre of the bottom plane subject to an axisymmetric load, q
as illustrated in Fig. 6(a). The stress components acting on each face
of the wedge from the loaded cylinder is visualised in Fig. 6(b). The
normal stress components �z, �� and �r are known respectively
as the axial, hoop and radial stresses and are the principal stresses
at a given stressed point, B. Each component has double subscripts
(except for the normal stress components) where the first subscript
defines the face on which the stress component acts and the sec-
ond subscript denotes the direction in which the stress component
acts. For instance, �z, 	zr and 	z� are stress components on the z
surface and acting in the z, r and � directions respectively. A stress
component on a surface is considered positive if it acts parallel to
direction of the corresponding axis.

The displacement of a solid cylinder due to external loads is
completely described when the displacement of all its parts are
defined respectively. In cylindrical coordinates, ωz, ε� and �r are
axial, hoop and radial displacements and parallel to the z, � and r
directions respectively. Any point originally at (z, �, r) is displaced
to (z + ωz, � + ε� , r + �r) after the compression process is completed
(Baxter-Brown, 1973). The components ε� , 	z� and 	r� vanish if the
compression of the cylinder is due to torsionless axisymmetry.

In the case of the axisymmetric problem in the absence of body
forces, the stress and displacement components can be expressed
in terms of a Love’s stress function 
(r,z) (Timoshenko and Goodier,
1970) as

�z = (2 − �)
∂

∂z
∇2
 − ∂3


∂z3
, (25)

�r = �
∂

∂z
∇2
 − ∂3


∂z∂r2
, (26)

	rz = (1 − �)
∂

∂r
∇2
 − ∂3


∂r∂z2
, (27)

2

�r = −

2G ∂z∂r
, (28)

ωz = 1
2G

[
2(1 − �)∇2
 − ∂2


∂z2

]
, (29)

ormal stress components in the z, � and r directions respectively.
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Fig. 7. An illustration of powder compaction process.

here G is the shear modulus and � is the Poisson’s ratio. The func-
ion 
(r,z) in Eqs. (25)–(29) is biharmonic and satisfies the following
artial differential equation (Love, 1892):

2∇2
 =
(

∂2

∂r2
+ 1

r

∂

∂r
+ 1

r2

∂2

∂z2

)2

= 0, (30)

here �2 is the three-dimensional Laplace’s operator.
A number of models have been developed and modified to find

olutions of a symmetrically loaded cylinder that rigorously satis-
es all the boundary conditions on the side surface or on both ends
f the cylinder. One of them is the solution proposed by (Hao-Jiang
t al., 2005). They found a three-dimensional analytical solution
or a uniformly loaded isotropic circular plate by making use of
he Love’s stress function subject to two different types of clamped
dges. The solution is obtained by utilising the biharmonic polyno-
ial potential functions with 8 terms

= 1
3

a6(16z6 − 120z4r2 + 90z2r4 − 5r6) + b6(8z6 − 16z4r2

−21z2r4 + 3r6) + a4(8z4 − 24z2r2 + 3r4) + b4(2z4 + z2r2 − r4)

+a3(2z3 − 3zr2) + b3(z3 + zr2) + a2(2z2 − r2) + b2(z2 + r2),

(31)

here ai, bi (i = 2,3,4,6) are unknown constants to be determined
rom the boundary conditions. This work employed two different
ypes of boundary conditions and the result showed that the differ-
nt boundary conditions exert no influence on �z and 	rz (Hao-Jiang
t al., 2005).

In our work, Eq. (31) together with a particular set of boundary
onditions will be used to measure the radial and axial displace-
ents of an axially compressed PDE-based tablet. The results

btained from this model will be compared with the experimental
esults of the compressed pharmaceutical powder.

.1. Experiment: axial compression on a pharmaceutical powder

Tablets of 3 mm in height were prepared at the Institute of
harmaceutical Innovation (IPI), University of Bradford and were
omposed of 300 mg of �-lactose monohydrate (Pharmatose 200
, DMV International, The Netherlands). Tablets were made by uni-

xial compression using circular flat faced punches in a die with a
iameter of 10 mm where the lower punch remains stationary as
hown in Fig. 7. This process is known as Single Ended Compression
SEC) (Wu et al., 2008). The �-lactose monohydrate is a common
xcipient in a pharmaceutical tablet production. This is due to its
tability, low hygroscopicity and hardness (Ilić et al., 2009), being

apable of supporting external loads such a packaging but at the
ame time it has to be easy to dissolve so that it can be assimi-
ated rapidly. Particle size for the powder was measured by Laser
iffractometer, Mastersizer 2000 Ver. 2.00 (Malvern Instruments,
alvern, UK) and the values range from 63 to 90 �m.
Fig. 8. The Heckel plot of the compressed �-lactose monohydrate using experimen-
tal data.

The �-lactose monohydrate with true density 1.3 mg/mm3 was
poured into a cylindrical die. The true density of the powder was
measured using an Accupyc 1330 helium pycnometer (Micromerit-
ics Ltd.). The density–pressure profile was obtained by using the
“in-die” method where the compacts dimensions were measured
from the punch displacements. The powder was compressed and
decompressed by the upper punch at 100 mm/s. The values of the
load and displacement were taken only after the load starts increas-
ing and until it is linear. When the punch reaches the height of
approximately 6 mm it starts receiving the resistance from the
powder as it starts rearranging itself and the load starts increas-
ing from 0.05 MPa. The load continues to increase linearly until a
compact is formed and once the compact with maximum strength
is formed the load and displacement relation is no longer linear. The
powder compression process only involved an axial displacement,
that is, the radius is fixed and only the height of the compressed
powder is changed.

The experimental data (a set of force and displacement data)
together with the fixed true density and compacted mass value
were analysed using the Heckel model from which powder defor-
mation mechanisms are determined using the apparent yield
pressure. However, experimental data are commonly not linear
as can be seen in Fig. 8. Some curves exist at very low pressure
(Zone A) and high pressure (Zone C) regions and linearity is only
showed in the centre pressure range (Zone B). The curvature at
Zone A is due to particle rearrangement and fragmentation while
it is agreed that the linear part represents particle plastic deforma-
tion (Gabaude et al., 1999). For the Heckel analysis, only data from
pressure 10 MPa up to 50 MPa (Zone B) are used because this range
showed the best linearity.

3.2. Simulation: axial compression on the PDE-based tablet

The radial and axial displacements in the PDE-based tablet can
be obtained by substituting Eqs. (25) and (27)–(30) into a set of
boundary conditions

�z = 0, 	rz = 0 when z = 0;

�z = −q, 	rz = 0 when z = h0;
ωz = 0,
∂ωz

∂r
= 0 when z = 0;

�r = 0 when r = c. (32)
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ig. 9. Comparison between the Heckel plot of the simulated compression and
xperiment on lactose powder.

hus, Eqs. (28) and (29) can be written as

r = qz�

4Gh0

(
r − c2

r

)
, r > 0 (33)

z = qz2

2Gh0

[
z2�

r2
− 1 − �

2
+ �2

� − 1

(
1 − c2

r2

)]
, r > 0 (34)

here q is the axial force, c is the radius of the die or tablet, h0 is
he initial height of the powder bed or tablet, z and r are any point
n z and r directions respectively while G is given by

= E

2(1 + �)
, (35)

here E is the Young’s modulus. The values of the Young’s mod-
lus and Poisson’s ratio of �-lactose monohydrate are E = [2.55,
.35] GPa and � = [0.12, 0.5] respectively (Perkins et al., 2007).

. Results and discussions

Due to the different initial porosity of the particles used in the
xperiment and simulation based on the PDE-based formulation
roposed in this work, Eq. (34) has been modified by adding an
djustment constant, ωz0,

z = ωz0 + qz2

2Gh0

[
z2�

r2
− 1 − �

2
+ �2

� − 1

(
1 − c2

r2

)]
, (36)

his constant is obtained from the difference between the initial
xial displacement (after the particle rearrangement – Zone A) of
he experiment and the simulation (PDE-based model).

The density–pressure relationship for the lactose powder is plot-
ed as a best linear regression line as shown in Fig. 9 and the trend
s compared with the simulation prediction. The simulation is dis-
layed graphically by using the value of E = 2.64 GPa, � = 0.21 and
z0 = −1.0778. It is observed that the developed model does fit the

ata within an acceptable discrepancy since the slopes of the simu-

ation and experimental data are quite similar. However, both lines
ave a slightly different y-intercept.

Table 2 summarises the estimated data obtained from the
eckel diagram for both simulation and experiment. For this study,

able 2
eckel’s parameters for �-lactose from experiment and simulation.

Type of compression Slope, K y-Intercept, A

Experiment 0.0098 0.8738
PDE-based model 0.0099 0.8524
harmaceutics 405 (2011) 113–121

the calculated yield pressure is 102.04 MPa. The plasticity of this
material is very low since it has a low value of K (or high yield
pressure). Furthermore, the difference between the y-intercept of
the experiment and simulation is too small, and this is expected
because of the simulation’s axial displacement values are calculated
from the parametric pharmaceutical tablet.

The results shown in Table 2 and Fig. 9 prove that the solution of
Love’s stress function can be utilised to measure the displacement
components of the compressed solid PDE-based tablet. However,
the validity of the developed mathematical model is only veri-
fied at lower forces which represent the plastic deformation of the
powder. Additionally, this model only can be applied to flat-faced
cylindrical tablets produced through SEC process. Consequently,
a more general model for characterising the stress distribution
should be developed.

Additionally, it is worth noting that the example of the tablet
used throughout this work may give the reader the impression
that the shape of the tablet is somehow restricted to cylindrical
shapes. This is not the case since different tablet’s shape can eas-
ily be formed using the PDE method by changing the shape of the
boundary curves.

5. Conclusions

The work presented in this paper focuses on the application
of the PDE method for designing a parametric representation of
a given pharmaceutical tablet. The volume and surface area of the
generic cylindrical tablet can be determined by using the formula
of parametric surface and the values can be obtained numerically
using MATLAB software. The solid PDE-based tablet can be gener-
ated by introducing an additional parameter, w into the analytical
solution of the elliptic PDE. This variable generates points from the
centreline or spine of the patch towards its surface. Additionally,
the generated solid tablet can be trimmed by changing the region
defined by independent variables u, v or w.

The displacement components of a compressed PDE-based
tablet can be measured by utilising one of the solutions of the
Love’s stress function found in literature to model compression of
pharmaceutical powders. The result is plotted in Heckel diagram
and it is found that the theoretical Heckel’s parameter is similar
to the practical ones. However, the model seems to underesti-
mate the initial volume of the particle bed. This may be attributed
to the lack of detailed information on powder behaviour at low
pressure.

This study shows that the simulation can be used to represent
the powder compaction process as well as predicting the elastic-
ity and plasticity of pharmaceutical materials. Hence, this model
is capable to satisfy the industrial requirement and encourages
future development of pharmaceutical technologies through com-
puter based simulations. It has highlighted that the validity of the
developed model is only for the linear portion of the Heckel analysis
of the compressed powder. Additionally, the output of this model is
sensitive to the change of the elastic properties such as the Young’s
modulus and Poisson’s ratio.
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